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Explicit formulas of the Bergman kernel for some Reinhardt domains 


Tomasz Beberok 


In this paper we obtain the closed forms of some hypergeometric functions. As 
an application, we obtain the explicit forms of the Bergman kernel functions for 
Reinhardt domains + \z 2 \^ < and 

{kil" < + \~-2\y + kal". (kip + kip)' + ksp < (kiP + kzik’"'"}. 
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1 Introduction 

In 1921, S. Bergman introduced a kernel function, which is now known as the 
Bergman kernel function. It is well known that there exists a unique Bergman ker¬ 
nel function for each bounded domain in C"^. Computation of the Bergman kernel 
function by explicit formulas is an important research direction in several complex 
variables. For which domains can the Bergman kernel function be computed by 
explicit formulas? Many mathematicians (0, i. 0, 0. CSl) have made efforts 
to find the explicit formulas of the Bergman kernel for nonhomogeneous domains. 

n 

Consider the complex ellipsoids or egg domains Up := { 2 ; G C” : < 1}; 

i=i 

where p = {pi,...,pn) for pj > 0. The precise growth estimate of the Bergman 
kernel near a boundary point on the complex ellipsoid was studied in [T2]. How¬ 
ever, it is not easy to get the closed forms of the Bergman kernel for Dp. In the 
case when pi,...,p„ are reciprocals of positive integers, Zinov’ev na computed 
the Bergman kernel for Dp explicitly. What happens if each pj is a positive inte¬ 
ger? The known case is when p = (1,..., l,pn),Pn > 0, for which J. P. D’Angelo 
ElE] obtained the Bergman kernel. J.-D. Park computed the Bergman kernel for 
p = (2, 2) and p = (2, 2, 2) in jTU] and m respectively. The goal of this paper is to 
give explicit formula for the domains < \zi\^p + + 1 (^ 2 P < \zi\^} 

and {\z^\^ < (l^ip + \z 2 \y + ksP, (IdP + \z 2 ?y + ksP < (|dP + 

Theorem 1.1 For any positive real numbers X,p the Bergman kernel for the do¬ 
main 

B, = {ze ck k-.k < (kik+kjiy+kalk (k-ik+kzkr+kak < (kik+k 2 k)h 

is given by 
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Theorem 1.2 The Bergman kernel for 


D 2 — {z G : 1 ^ 3 !^ < Vi|^ + 1 ^ 2 !^, 1^11^ + 1 ^ 2 !^ < 1^11^} 


is given by 


Kd2{{zi, ^2, Z3), (Cl, C2, (3)) 


2t/f - (t/fz/3 + iyf){iy‘f + iy2) 
7r3(z/i - z/3)3(z2i - of - 1 / 2 ) 3 ’ 


where oi = ziCi, 02 = 2 ^ 2 ( 2 , = ^ 3 ( 3 - 


In 1995 Francsics and Ranges jS] expressed the Bergman kernel for complex el¬ 
lipsoids flpi,..,,p„ in terms of Appell’s multivariable hypergeometric functions which 
are still inhnite series. Recall that an Appell’s hypergeometric function jl] is de- 
hned by 
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^i”^(a;/5;7;C) = 5^ 5^ 

mi=0 mn=0 


• • • iPn) mn pmi _ _ _ pmn 
mi! • • •m„!(7i)mi • • • (7n)m„ ^ 


where {a)m = r(a -|- m)/r(a). In particular we write F 2 = and F = F^\ In 
fact, the Bergman kernel K{z,w) for flpi,...,p„ is given in [6] by 
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where {zw)^ = {ziWi)^^ ■ ■ ■ {znWn)^"- Here we following by Park used the notation 
P V Pi Pn 


-V— 
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2 Explicit formulas of hypergeometric functions 


In this section we will express the sum of the series 


terms of Gauss hypergeometric function. 

Lemma 2.1 For |xi| + ... + \xr\ < 1/4, we have 


m =0 


r \ ’^l ^r. 
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F q4(.. +... + X.)) = Y. 

\2 2 J 

Proof. Using well known rules for Pochhammer symbol {2z ) 2 k = ^\z)u{z + l/2)u 
we have 
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Now using {z)n+k = {z)n{z + n)k and sum out of Xi variable we have 
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xFI- + m2 + ...+ rrin, — -h m2 + ... + m„; c + m2 + ... + m„; 4 xi 1 . 

In the other hand by decomposition formulas for the Appell function in r 
(r > 1) variables we have (see for more details |3]) 


Fj^ (a, hi,..., hr, Cl,..., Cr, yi, ■ ■ ■, Vr) 


00 




(^)m2+...+mr (^l)m2+...+mr (^2)m2 (^r)mr- m2 + ...+mr- m 2 rrir 

7 7 Pi y2 ■ ■ ■ Pr 


m2, ,mr=0 ^2- ■ ■ mr!Uljm2+...+mrlC2jm2 ■ ■ ■ 

■ F (a + m2 + ... + rUr, hi + m2 + ... + mr] Ci + m2 + ... + m^, yf) 

■ F^~^\a + m2 + ... + mr, 62 + m2, ..., fer + m^; C2 + m2, ..., c,. + m^; 1/2, ■ ■ ■, Pr) 

Next we set fe* = q for i = 2,... ,r. After doing so, and using well know formula 
F^\a, bi,...,bs-,bi,...,bs-,zi,..., Zs) = we obtain 
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F^J^\a,bi,b2,.. .,br-,ci,b2 ... ,br-,yi,... ,yr) = 
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Finally putting yi = ixi and for i = 2 ,..., r, where |x| = xi + ... + Xr 

and using well know formula F^\a, 61,..., 6*,..., 6^; ci,..., fej,..., Cg] Zi,..., Zg) = 
{l-Zi)-°'F^^~'^\a, 61,, 6i_i, 6i+i,..., 6^; Cl,..., Ci_i, q+i, ..., c*; ..., we 

obtain the desired result. 

The following lemma will be useful to explicit computation of Bergman kernel 
function for the domain 


^ — {(^1; 2:2, ^3) G ■ 11^111^ < ||2:2||^^ + 11^311^; Ik2||^^ + < 11^211^} 


for A; = 2 and k = 3. 
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Proof. In order to prove the above lemma, we need the following well-known 
formulas: 
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Now lemmafollows from recurrence identity for Gauss hypergeometric func¬ 
tion 
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fl -|- 3 Qi 4: 


2 ’ 2 
(a + a^) z 


;a;z] = C 2 F 
■CiF 


fl -|- 3 Qi 4 


4(a + l)(a + 2)(z — 1) 


2 ’ 2 
o -|- 3 Q 4 


] Q Z 
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where C2 = ( ^ ^ 

^ a.(a+l)(2:—1) -*- a(2:—1) 


3 Computation of the kernel. 

Let be a bounded domain in C^. The Bergman projection operator is the 
orthogonal projection P from L^(f2) to the closed subspace of holomorphic square 
integrable functions. The Bergman kernel function is the integral kernel associated 
with the Bergman projection P. The operator P and the function K are therefore 
related by 

F/(C)= / KiCOfiOdViO- 

Jn 

It is well known that K can be expressed by summation of an orthonormal series. 
More precisely, suppose that {*ha} from a complete orthonormal set for the Hilbert 
space of holomorphic functions in Then we have 

a-(c,0 = 5;4„(C)M!). 

a 

Let C = {zii Z 2 i Z'i-, Z 4 ) G Put $a(C) = Zi^Z 2 '^z'^^z2‘^. It is well known, that 
function / holomorphic in a Reinhardt domain D <Z has a “global” expansion 
into a Laurent series f{z) = z E D (see Proposition 1.7.15 (c) in 

[5]). Moreover if F fl x {0} x 7 ^ 0 , j = 1,... ,n then Oq, = 0 for 

a G Z” \ (see Proposition 1.6.5 (c) in 0 ). Therefore {*ha} such that each 
ttj > 0 is a complete orthogonal set for L^{Di). 

If F is a Reinhardt domain, / G L^D) ;= 0{D) fl L^(F), f{z) = XlaeZ'" 
then {z": a G J2if)} F where X](/) •= ^ 7^ 0} proof see 

[5] p. 67). Thus it is easy to check, that the set {z^^z^^z ^^: 02 > 0, 03 > 0, ai > 
—2 — 02 — 03 } is a complete orthogonal set for L^(F 2 ). 

Proposition 3.1 The squared LP‘{D 2 )-norms satisfy 

|i q,||2 _ _ TT^P (02 + 1) P (ftl +02 + 0^3 + 3) _ 

^ (03 + 1 ) (oi + 2 o 2 + 203 + 5 ) r (oi + 2 o 2 + 013 + 4 ) 

where 02 > 0 , 03 > 0 , oi > — 2 — 02 — 03 . 


Proof. 
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we introduce polar coordinate in each variable by putting Zj = for 

j = 1, 2, 3. After doing so, and integrating out the angular variables we have 

(27r)^ [ 

jRe(D 2 ) 

where Re{D 2 ) = {r G : r| < + r^, rf + r| < rf}. Next we set rf = t and 

change variables again. We obtain 


(2vr) 


/Re(D') 




where Re{D' 2 ) = {(t,r 2 ,r 3 ) G : rl < R + r|, R + < t}. Next we use 

spherical coordinate in the f, r 2 variables to obtain 


dTT' 


7r/2 psinO pp 

M / / p“i+2“2+2(cos0)2“2+^(sin0)“irf^+^dr3dpd0 

0 Jo Jo 


After integrating out r^, p and 6 we obtain the desired result. 

Proposition 3.2 The squared {DR-norms satisfy 

TT^r (oi +1) r (02 +1) r (03 +1) r + 03 + m +1 j 




pT (oi + 02 + 2) (04 + 1) (^s + r (2s) 


, ( 2 ) 


where s = 21 + 22+2 + ^^3 + + 1 , 

Proof. 

Wz'^Wl, = J \z\‘^<^dV{z) 

Di 

we introduce polar coordinate in each variable by putting Zj = rje^'^^f for 
j = 1, 2, 3,4. After doing so, and integrating out the angular variables we have 


(2i) 


„2a+l 


'Re(Di) 


dV{r), 


where Re{Di) = {r G < {rf + r^R + + 3 , (rf + r^R + +3 < Next 

we set +1 = pcosca, +2 = psinca and change variables again. We obtain 


(2nr I 

r^<p'^P+R 

P^^+R<P^ 


f>7r/2 


2ai +2a2+3 > 


COS cal 


\2ai+l. 
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2 « 2 + 1 ... 203+1 204+1 
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r. 
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integrating out of ca variable we have 


(27r)4r(Q;i + l)r(Q;2 A 1) 
2r(Q;i + 02 + 2) 




^201+202+3^203+1^204+1 
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After little calculation we obtain 


f7r/2 pcosd 
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2 ol \-\-2 ol 2+^ id I 1 o 11 2ai+2Q:2+4 to i i 

R -?-(sin 0)2«3 +i (cos ^- ^l^^+^dndRde, 


where C = ■ After integrating out r4, R and 9 we obtain the desired 

result. 

Now we will prove main theorem. We set Uj = ZjW], for j = 1 , 2 , 3 , 4 . By the 
series representation Bergman kernel for Di is given by 


p r (tti + Q !2 + 2 ) (q !4 + 1 ) (s + r ( 2 s) 


r (^2«i+|a±4 ^ ^ 2^ ^ ailaalas! 
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If we define 


G = E 


r (cTi + 02 + 2) (0:4 + i)r (2s) 


^ r (^ 2 «i+ 2«2+4 ^ ^ 2^ ^ ajaalas! 

then we can write 


K{z,w) = Dp^x,aG, 

where Dp x,a is a differential operator defined by 

^ ^ p (2 d 2d d 2d , ^ 

Dp,X,af — I -T: - 1^1 + --K - ^2 + ^-^3 + - ^4 /• 

TT^ \p dui p dh'2 du^ A az/4 

Now we sum out the variable using lemma lETl we obtain 
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Oil ?<^2 ?Q;4=0 


r { q .1 + a2 + 2) (0^4 + l)r(a + l)i^ 41^3) 
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, ,ai, ,a2 , .«4 

^2 ^4 ) 


where a = -)_ 204^+2 _|_ After some calculation using 
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d 1. Qj 2, 
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2 ’ 2 
and zT{z) = r(^ + 1 ), we have 
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00 00 

Finally using well knows formulas Y 1 k{k + l)x^ = ^^+3 , ^ (A; + l)a;^ = Tyryw 

A:=0 I. 

and F2{r, 1,1; 1,1, x, y) = we obtain 


fc =0 


„ „ (!-i)(Vi^^-i) + + 

(1 _ ,,4)2(1 ,, 2)2 

+ C [4/1 — 4 z /3 + 4 z /3 — ij 


+ C' 


4 i/l — 4 z /3 + 16 z /3 — 4 
p(l - +4)^(1 - +1 - +2)^ 
4+4 


A (1 - +4)^(1 - +1 - +2)^ 

Similarly we can compute Bergman kernel for 

ft = {{Zi,Z2,Z,) e < ||;. 2 |P" + IksiP, 1 ^ 211 '" + IksH' < 11 ^ 211 "} . 

Now we will prove Theorem 1 . 2 . Similarly as above Bergman kernel for D2 is 
given by 

(03 + 1 ) (oi + 2 o2 + 203 + 5 ) r (oi + 2 o2 + 03 + 4 ) ^ 

^ ^ TT^r (02 +1) r (oi + 02 + 03 + 3) 

oi,O2=0«i=-2-«2-a3 V^' J Vi' O' J 

Changing the summation index oi = /c — 2 — 02 — 03, we can write 
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ai ,a2=0,k=0 


1 (03 + 1 ) (/c + 02 + 03 + 3 ) r (A; + 02 + 2 ) ^ f 1^2 

- z/, I 


ur 


TT^r (02 +1) r (A; + 1) 


“2 /,, \ “3 


After little calculation using zV{z) = r (;2 + 1), we have 

1 (03 + l)^r (A; + 02 + 2)^^ /z/2\"^ / 

^ uj TT^r (02 + 1) r (A; + 1) \ui) \vi) 

1 (a3 + l)r (A; + 02 + 3 ) ^ ^ / v^\ ® 

^ z/f TT^r (02 + 1) r (A; + 1) / \iyi) 

Oi,O 2 = 0 ,/c = 0 / \ / \ / 


Finally using well knows formulas E) (A; + l^x^ = ; E) (A; + l)a;^ = ',2 

in 1 n I-*- 

k=0 k=0 

and F2{r, 1 , 1 ; 1 ,1, x, y) = j^z^Zy^i we obtain the desired result. 

Similarly we can compute Bergman kernel for 

= {{Zl,Z2,Z:,) e Cl+"+-; ||;,3f < |;,i|2P+ ||;,2|lk 1 ++ 1^2^ < 1+1^} , 

for p, A > 0 . 
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